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Abstract 

The interpolation property of Cesaro sequence and function spaces is investigated. It is 
shown that Ces p {I) is an interpolation space between Ces Po (I) and Ces Pl (I) for 1 < po < 
pi < oo and l/p = (1 - 9)/p + 6/pi with < 8 < 1, where / = [0, oo) or [0, 1]. The 
same result is true for Cesaro sequence spaces. On the other hand, Ces p [0,l] is not an 
interpolation space between Cesi[0, 1] and Cesoo[0, 1]. 

1. Introduction and preliminaries 

Structure of the Cesaro sequence and function spaces was investigated by several 
authors (see, for example, [5], [15] and [2], [3] and references therein). Here we are 
interested in studying interpolation properties of Cesaro sequence and function spaces. 
The main purpose is to give interpolation theorems for the Cesaro sequence spaces ces p 
and Cesaro function spaces Ces p (I) on I = [0, oo) and / = [0, 1]. In the case of / = [0, oo) 
some interpolation results for Cesaro function spaces are contained implicitely in |16j . 
Moreover, using the so-called i^ + -method of interpolation it was proved in [9] that Cesaro 
sequence space ces p is an interpolation space with respect to the couple (li, Z 1 (2~ fc )). Our 
main aim is to give a rather complete description of Cesaro spaces as interpolation spaces 
with respect to appropriate couples of weighted Li-spaces as well as Cesaro spaces. For 
example, if either I = [0, oo) or [0, 1] and 1 < p < p\ < oo with - = — - + — for 
< 9 < 1, then 

(Ces P0 (I),Ces pl (I)) ep = Ces p (I) and (ces po , ces Pl ) 9p = ces p , (1) 

where (-,-)e, P denotes the K-method of interpolation. 

We have a completely different situation in a more interesting and non-trivial case when 
/ = [0, 1] and po = 1, pi = oo. It turns out that Ces p [0, 1] is not an interpolation space 
between the spaces Cesi[0, 1] and CeSoofO, 1] and (Cesi[0, l^Ces^O, ^}) ep for 1 < p < oo 
is a weighted Cesaro function space. 

Let us collect some necessary definitions and notations related to the interpolation 
theory of operators as well as Cesaro, Copson and down spaces. 

For two normed spaces X and Y the symbol X ^ Y means that the imbedding 
X C Y is continuous with the norm which is not bigger than C, i.e., \\x\\y < C||a:||x for 
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all x G X, and X <— >• Y means that X > Y for some C > 0. Moreover, X = Y means 
that X "-^ Y and Y <H- X, that is, the spaces are the same and the norms are equivalent. 
If / and g are real functions, then the symbol / ~ g means that g < / < eg for some 
c > 1. 

For a Banach couple X = (Xq,Xi) of two compatible Banach spaces X and X\ 
consider two Banach spaces X n Xi and X + X x with its natural norms 

\\f\\x nx 1 = max(||/|k,||/|k) for /gXqHXi, 

and 

ll/H Wl = mf {||/o|k,+||/i|k : / = /o + /i,/o e X„, /i G XJ for / G X + X^ 
For more careful definitions of a Banach couple, intermediate and interpolation spaces 
with some results introduced briefly below, see [H pp. 91-173, 289-314, 338-359] and 0, 
pp. 95-116]. 

A Banach space X is called an intermediate space between Xo and X\ if Xo D X\ ^ 
X <^-> X + X\. Such a space X is called an interpolation space between X and X x (we 
write: X G Int(X , Xi)) if, for any bounded linear operator T : X +Xi — > X + Xi such 
that the restriction T\x t '■ Xj — > Xj is bounded for z = 0, 1, the restriction T\ x : X — > X is 
also bounded and ||T||x->x < C m &x {||^lk-s>x ; ll^lk-KXi} for some C > 1. If C = 1, 
then X is called an esaci interpolation space between X and Xi. 

An interpolation method or interpolation functor J 7 is a construction (a rule) which 
assigns to every Banach couple X = (X ,Xi) an interpolation space F(X) between 
Xq and X\. The interpolation functor J 7 is called exact if the space F{X) is an exact 
interpolation space for every Banach couple X. One of the most important interpolation 
methods is the K-method known also as the real Lions-Peetre interpolation method. For 
a Banach couple X = (X ,Xi) the Peetre K-functional of an element / G X + X\ is 
defined for t > by 

K(t,f;X ,X l ) = inf{||/„|k +*IIAIk : / = /o + /i,/o <= *o,/i e 
Then the spaces of the K-method of interpolation are 

(X ,*ik P = {/ G X + Xi : ||/|k = ( y [r^,/;X 0j Xi)]P T J < oo} 

if < < 1 and 1 < p < oo, and 

(X , Xifooo = {/ G X + Xi : ||/||, )0C = sup ^fo/i*o,*i) < 

if < < 1. Very useful in calculations is the so-called reiteration formula showing the 
stability of the i^-method of interpolation. If 1 < po,Pi,P < oo,0 < 6q,6\,6 < 1 and 
00 7^ 6*i, then with equivalent norms 

((X ,Xi) 9otPo ,(X ,X 1 ) 9uPl ) ep = (X ,Xi) v>p , (2) 

where r\ = (1 — 6)6 Q + (see [SI Theorem 2.4, p. 311], [3 Theorems 3.5.3], [HI Theorem 
3.8.10]) and [231 Theorem 1.10.2]). 
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The space (Xq, Xi)|~ of the general K -method of interpolation, where $ is a parameter 
of the K-method, i.e., a Banach function space on ((0, oo), dt/t) containing the function 
t i — > min{l,t}, is the Banach space of all / G Xq + X\ such that K(-, /; Xq, X\) G $ 
with the norm H/Ha^ = \\K(-, /; X , Xi)||$. The space (X ,Xi)|f is an exact interpolation 
space between X and X\. 

In particular, if L p = L P (Q, /x), where (fl, /i) is a complete cx-finite measure space, then 
for any / G L\ + £00 we have 



K{t,f;L u L c 



F(s)ds. 



(3) 



Here and next /* denotes the non-increasing rearrangement of |/| defined by f*(s) = 
inf{A > : n({x G : |/(z)| > A}) < s} (see Proposition 3.1.1], [321 pp. 78-79], P 
Theorem 6.2, pp. 74-75]). Moreover, for two non-negative weight functions wq,wi and 
for / G Li(wq) + Li(wi) we have 



K(t,f;Li(wo),Li(wi)) = \\ mm(w , twt) f ||j 



(4) 



(see [3 Proposition 3.1.17] and [HI p. 391]). 

If the inequality X(t, g; X , X x ) < K(t, f; X , X x ) (t > 0) with / G X and g G X + X! 
implies that g & X and < C f° r arbitrary X G /^(XqjXx) and some C > 1 

independent of X, f and g, then (X ,X!) is called a K-monotone or C alder on-Mity agin 
couple. For arbitrary A'-monotone couple (X^X^ the spaces (X , Xi)|f of the general 
AT- method are the only interpolation spaces between X and X x (see [8]). 

Now, to treat interpolation results for Cesaro spaces we need to define these spaces. 
The Cesaro sequence spaces ces p are the sets of real sequences x = {xk} such that 



x 



ces(p) 



oo / ^ n 

^ ( n ^ 

.71=1 \ fc = l 



1 VP 



Ffe 



< 00, for 1 < p < 00, 



and 



1 " 

IM| ces (oo) = sup nGN - ^ \ x k\ < oo, for P 



00. 



fc=l 



The Cesaro function spaces Ces p = Ces p (I) are the classes of Lebesgue measurable real 
functions / on / = [0, 1] or / = [0, 00) such that 



Ces(p) 



x 



\f(t)\dt) dx 



i/p 



< 00, for 1 < p < 00, 



and 



Ces(oo) 



1 r 

sup — / \f(t)\ dt < 00, for p = 00. 

0<xG/ ^ Jo 



The Cesaro spaces are Banach lattices which are not symmetric except as they are 
trivial, namely, ces± = {0}, Cesi[0, 00) = {0}. By a symmetric space we mean a Banach 
lattice X on J satisfying the additional property: if g*(t) = f*(t) for all t > 0, / G X and 
g G L°(I) (the set of all classes of Lebesgue measurable real functions on /) then jel 
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and 



Mix 



fin what follows h + 1 



p ' p' 

x (cf. [Ej, [12])- Moreover, l p <— > ces p , L P (I) ^ Ces p (I) for 1 < p < oo 
1), and if 1 < p < q < oo, then ces p > ces^ A- ccw Also 



p p 

for / = [0, 1] and 1 < p < g < oo we have L ro Ces^ Ces g <^-> Ces p Cesi = 

Li(lnl/£) and CeSoo c — » Li. 

Let 1 < p < oo. The Copson sequence spaces cop p are the sets of real sequences 
x = {xk} such that 

OO / OO I I 

E e¥ 



Ml 



cop(p) 



PI VP 

< OO, 

_n=l \k= 

and the Copson function spaces Cop p = Cop p (I) are the classes of Lebesgue measurable 
real functions f on I = [0, oo) or I = [0, 1] such that 

1/p 



and 



Cop(p) 



Cop(p) 



uo 



1 l/MI 



(it I dx 



i/p 



< oo for / = [0, oo), 

< oo for I =[0,1]. 

1 n E n k =MCf(x) = Uo x \f(t)\dt 



C*f(x) = J (X:00)nI ™ dt related to intro- 



Sometimes we will use the Cesaro operators Cdx(n) 
and the Copson operators C^x(n) = YlkLn k' 
duced spaces. Then ces p (resp. cop p ) consists of all real sequences x = {x^ such that 
CdX G l p (resp. C^xE l p ) and Ces p (I) (resp. Cop p (I)) consists of all classes of Lebesgue 
measurable real functions f on I such that Cf G L P (I) ( resp. C* f G L P (I)) with natural 
norms. By the Copson inequalities (cf. [TU Theorems 328 and 331], [5] p. 25] and [13], 



p. 159]), which are valid for 1 < p < oo, we have: ||C^a;||; < p||^||z p for x G l p and 

P P 

\\C*f <p\\f \\ Lp (i) for / G L p (I). Therefore, l p cop p , L p Cop p . 

We can define similarly the spaces cop^, and Cop^ but then it is easy to see that 



cop c 



li(l/k) and Cop^ = L^l/t). Moreover, for I = [0,1] we have L p e — >■ Co^ 



Copi = Li. 

We will consider also more general Cesaro spaces Ces^(J), where -E is a Banach 
function space on / with the natural norm ||/||ces(B) = ||C/||b- 

For a Banach function space E on I = [0, oo) the down space is the collection of 
all / G L° such that the norm 

||/||^ = mvj \f{t)\g(t) dt <oo, 

where the supremum is taken over all non-negative, non- increasing Lebesgue measurable 
functions g from the Kothe dual E' of E such that \\g\\E' < 1- Let us remind that the 
Kothe dual of a Banach function space E is defined as 



# = {/ E L° : ||/ 



sup 

\\9\\e<1 



\f{t)g{t)\dt< oo}. 



It is routine to check that the space has the Fatou property, that is, if < f n increases 
to / a.e. on I and sup ngN < °°? then / G E^ and H/nlls-i. increases to ||/||_Bi. 
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Moreover, E" A- E^, where E" is the second Kothe dual of E. Recall also that a Banach 
function space E has the Fatou property if and only if E = E" with the equality of the 
norms. 

Sinnamon ([21], Theorem 3.1) proved that if E is a symmetric space on I — [0, oo), 
then H/IIsi ~ || C/ ||s if and only if the Cesaro operator C : E — > E is bounded. In 
particular, then E^ = CesE- Moreover, (Li)^ = L\ since 

mkl = > sup Ofmm > jr i/wi a = 

1 0<g IMUoo 0<gl 11511 -^oo 1 1 ^~ 1 1 -^oo 

(cf. p], p. 194). 

The paper is organized as follows. In Section 2 we proved that the Cesaro and Copson 
sequence and function spaces on [0, oo) are interpolation spaces obtained by the i^-method 
from weighted Lx-spaces. At the same time, in the case of / = [0,1], the if-method 
gives only the Copson spaces as interpolation spaces with respect to analogous couple of 
weighted /^-spaces (see Theorem l(iii)). In particular, we obtain a new description of 
the interpolation spaces (L 1; L 1 (l/t)) 1 _ 1 / pp in off-diagonal case both for I = [0, oo) and 

/ = [o,i]. 

In Section 3 it is shown that the Cesaro function spaces Ces p [0, oo), 1 < p < oo can be 
obtained by the if-method of interpolation also from the couple (Za[0, oo), CeSoofO, oo)). 
Hence, applying the reiteration theorem, we conclude that Ces p [0, oo) are interpolation 
spaces with respect to the couple (Ces po [0, oo), Ces pi [0, oo)) for arbitrary 1 < p < p\ < 
oo and ± = + with < 9 < 1. 

p po pi 

In Section 4 the interpolation of Cesaro function spaces on the segment [0, 1] is inves- 
tigated. We prove that for 1 < p < oo 

(Li(l-t)[0,l],Cea oo [0,l]) ejP = C f es I ,[0,l] with 9 = 1 - 1/p. 
As a consequence of this result and reiteration equality ©, we infer 

(Ces po [0, 1], Ces Pl [0, l]) 0p = Ces p [0, 1] (5) 
for all 1 < po < Pi < oo and - = — + — with < 9 < 1. 

r r — p po pi 

Our important part of interest is to look on interpolation spaces between the spaces 
Cesi[0, 1] and Ces^O, 1]. In Section 5, in Theorem 3, we find an equivalent expression 
for the iT-functional with respect to this couple and then in Section 6 we proved that the 
real interpolation spaces (Cesi[0, 1], Ces^O, l])i_i/ P)P for 1 < p < oo can be identified 
with the weighted Cesaro function spaces Ces p (\ne/t)[0, 1]. 

Finally, in Section 7, we show in Theorem 6 that Ces p [0, 1] for 1 < p < oo are not 
interpolation spaces between the spaces Cesi[0, 1] and CeSoo[0, 1]. 

2. Cesaro and Copson spaces as interpolation spaces with respect to 

weighted Li-spaces 

We start with the main result in this part. 
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THEOREM 1. (i) If 1 < p < oo, then 

(h,hO-/k))i-i/ P , P = ces p = cop p . 
(ii) If I = [0, oo) and 1 < p < oo, then 

(Li,Li(l/t))i_ 1 /p iP = Ces p = Copp. 

(Hi) If I = [0, 1] and 1 < p < oo, then 

(Li,Li(l/t))i_i/ P)P = Cop p . 

p' 

Moreover, Cop p Ces p and the reverse imbedding does not hold. 
Proof, (i) If / G h + h(l/k), then K(t, x; h, h(l/k)) = t Y^Li ^ for < t < 1, and 

oo [t] oo i i 

K(t,x;h,l 1 (l/k)) = J2\^\mm(l,-) = Y,\^\+t ^ ™. 



fc=i fc=i 
for t > 1. Therefore, for n < t < n + 1 (n > 1), we have 



fc=[t]+i 



K{t,x-hM^/k)) ^ 1 



Since 



- V f V — 1 = - 



fc=l 



fc=n+l 



C d x(n) + Qx(n + 1). 



oo n 



n *■ k - 

= ;Ew+ E ^r = <w 

fc=l fc=n+l 

it follows that, for n < t < n + 1 (n > 1), 

K(t,x;l u h(l/k)) 



\Xk\ 

k 

k—l m=l k=n+l m=l 

n) + C* d x(n + 1), 



E(E^) + E (Ej 



Using the classical Hardy inequality (cf. [HI Theorem 326] or [T3"j Theorem 1]), we obtain 

ll-T || 1— l/p,p 



K(t,x;h,h(l/k)) y d \ 1/p 



K(t,x)\p 



< 



n=l 

oo 



t 



dt 



c* d x(iy + J2(c d c* d x(n)y 



n=l 



l/p 



< C* d x(l) + \\C d C* d x\\ lp <C* d x(l)+p'\\C* d x\\ lp 

< (p' + l)\\CZx\\ h = tf + l)\\x\\ eop < p) . 



This means that cop p ^ (li, /i(1/&;))i-i/p,p- On the other hand, for n < t < n + 1 (n > 1), 
we have 

K( ^ ; Y l(lA)) > E Jfl = Qx(n + l) 

fc=n+l 



and 

Vp 



n=l 



which gives the reverse imbedding (h,h(l/k))i^i/ pp c — > cop p . The equality of the spaces 
ces p = cop p for 1 < p < oo was proved by Bennett (cf. [5], Theorems 4.5 and 6.6). 

(ii) For / 6 L\ + L\{\j s) — Li(min(l, 1/s)) we have 
K(t,f;L 1 ,L 1 (l/s))= r\f(s)\mm(l,t/s)ds= [ \f(s)\ds + t H ^ da. 



Thus, 

Kj^LM^ = Cf{t) + c , t > Q) 



and therefore 



(K{t,f-MM{i/8)) 



ii-i/w, = (j o ( ; v ; - j *j = lie/ + c*/ik(o,oo). (6) 

Since, by Fubini theorem, 

C*Cf(t) = jT '(1 £\f(s)\ds)du 

= r(r^) |/(s),ds+ r(r^) |/(s)|ds 



Uo Jt s 

from the Copson inequality (cf. [HI Theorem 328]) it follows that 

II /II Ces(p) = ||C/||l p (0,oo) < ||C/ + C*/|U p (0,oo) 

= ||C*C/|U p(0)Oo) < p||C/|U p( o )0o) = P\\f\\ce a(p) . 

Combining this with (JBj), we obtain ||/||i_i/ P; p « ||/||ces(p)- 
On the other hand, since 

"t /"OO 



i/ \f(s)\ds+ r l -^ds = Cf(t) + C*f(t), 

t Jo Jt 8 



then, by Hardy inequality, 

\\f\\cop(p) = ||C*/|U p (0,oo) < ||C/ + C*/|U p (0,oo) 

= \\cc*f\\ LpM < p'llcviU^o.oo) = jtWfWcopto, 

and, applying (jSJ) once more, we conclude that ~ ||/||cop(p)- 

(hi) For / = [0, 1] and / G L x + Li(l/s) = L x we have K{t, f; L u L^l/s)) = ||/||i for 
£ > 1 and 

K(t, /; L 1; LxCl/a)) = jf cfe + t J ^ cfe = tC/(t) + tC*f(t) 
for < t < 1. Therefore, for 1 < j> < oo 

i/p 



i-i/p,p 



/>1 /"OO 

f [C/(0 + C7(0] P ^+ / *- p ll/llfdt 

./l 



\\Cf + CTf\\' p +—\\f\\{ 



i/p 

WfK) 

p — 1 



Firstly, the last expression is not smaller than ||C* = ||/||cwp). On the other hand, 
since again CC*f(t) = Cf(t) + C*f(t), by Hardy inequality, it follows that 

\\f\\i-i/ P , P = (\\cc*f\\; + ^-ll/ll?) 1/P < I|CCVIIp + (p-1)- 1/p II/I|i 

< p'IICVIIp + (P - l)^ 1/p ||/llc;o P ( P ) = (p' + (p - ||/||co P ( P ). 

Thus, {LuL^l/t)) i-i/p,p — Cop p with equivalent norms for 1 < p < oo. For p — oo we 
have (L 1; Li(l/t))i >Q0 = = Co Poo [0, 1]. 

p' 

The imbedding Cop p c — > Ces p for 1 < p < oo follows from the inequality 

U/llcOO = \\Cf\\ p < \\Cf + C*f\\ p = \\CC*f\\ p < P '\\C*f\\ p = p'\\f\\ C o P{p) . 

Moreover, Ces p [0, 1] D Li[0, 1] ^ Cop p [0, 1] for 1 < p < oo. In fact, observe that in the 
case of / = [0, 1] the composition operator C*C has an additional term. More precisely, 

C*Cf(t) = Cf(t) + C*f(t) - [ \f(s)\ ds. 

Jo 

Therefore, 

co P[P) = \\c*f\\ p <\\cf + c*f\\ p 

= \\C*Cf + J \f(s)\ds\\ p <\\C*Cf\\ p +H/II! 
< V \\Cf\\ v + H/lli < (p + 1) max(||/||o„(p), ll/lli). 
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Finally, let us show that Ces p ^> Cop p by comparing norms of the functions fh{t) 
7f3X[h,i)(t) , < h < 1 in these spaces. We have 



C* (/*)(*) 




if < i < /i, 
if /i < t < 1, 



and 



IIAIfc^, = \\cru k )\\l>j h a {f hl ^/s)' dt 

1 \P / f 1 1 \P 

rfs > h [ / — ; as 



Also, 



and 



C{h){t) 



2 p h(l - h) p/2 . 
0, if < t < h, 



'ivT^h-VT^t), a h<t<i, 



IIAII^w = \\cU h )\\l = ^J h ( v % v 7 ^ 



Thus 



v ' (p-l)/^- 1 
> — — 4- = (p — 1) — — r -> oo as h ->• 1 



and the proof is complete. □ 

Remark 1. Alternatively, the space ces p for 1 < p < oo can be obtained as an interpo- 
lation space with respect to the couple (7i,Zi(2~ n )) by the so-called K + -method being a 
version of the standard K-method, precisely, ces p = (h, h{%~ n ))fj\/ n \ (cf. jH the proof of 
Theorem 6.4]). 

Remark 2. The results in Theorem [1] give a description of the real interpolation spaces 
(Li, Li(l/t))i_i/ Pi p in the off-diagonal case. Before it was only known that they are 
intersections of weighted Li(u;)-spaces with the weights w from certain sets (cf. [TO} 
Theorem 4.1], [TU Theorem 2]) or some block spaces (cf. [TJ Lemma 3.1]). 

The following corollary follows directly from Theorem [H reiteration formula (T5]) and 
the equalities Cop^O, 1] = L\(\/t) and Copi[0, 1] = L\. 

Corollary 1. If 1 < p < p\ < oo and ^ = ^ + ^ with < 9 < \, then 



ces P0 ,ces pi )e !P = ces p , (CeSpjO, oo), Ces Pl [0, oo)) fliP = Ces p [0, oo). (7) 
If 1 < p < Pi < oo and - = — + — with < 9 < 1, then 

(Cop po [0, 1], Cop Pl [0, l]) fliP = Cop p [0, 1]. (8) 
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Remark 3. Another proof of the second equality for the spaces on [0, oo) from the last 
corollary was given by Sinnamon [T9| Corollary 2]. 



3. Cesaro spaces on [0, oo) as interpolation spaces with respect to the couple 

(LijCeSoo) 

All the spaces considered in this part are on the interval / = [0, oo). By [TS1 P- 194] 
the down space D°° := (L^)^ = Ces^ isometrically. On the other hand, for a Banach 
lattice F with the Fatou property we have F £ Int{L\, D°°) = Int(Li, Ces^) if and only 
if F = E^ with equality of norms for some E £ Int(Li, L^) (see [161 Theorem 6.4]). 
Then, in particular, Lp- £ Int(Li, CeSoo). Since the operator C is bounded in L p for 
1 < p < oo, by [2T| Theorem 3.1], it follows that 

Il/ll4 = lll/lll4«l|c/lk = ll/llc«(i,). 

Thus, for any 1 < p < oo we have Ces p £ Int(Li,CeSoo) and Ces p = Lp-. Moreover, the 

following more precise and general assertion, which is an almost immediate consequence 
of Theorem 6.4 from ITS], holds. 



Proposition 1. Let E,F £ Int(Li, L ro ) and $ be an interpolation Banach lattice with 
respect to the couple {L 00 ,L OQ {\/u)') on (0, oo). Then we have 

(E\F^ = [(E,F)«]K (9) 

In particular, if 1 < p < oo, then 

(Li, Cesooji-i/^p = Cesp. (10) 

Proof. Firstly, since the Banach couple (L^L^) is i^-monotone [T2~l Theorem 2.4.3], 
by the assumption and the Brudnyi-Krugljak theorem (cf. [SI Theorem 4.4.5]), E = 
(Li, Lqq)^ and F = (Li, L co )$ i with some interpolation Banach lattices $o an d 3>i with 
respect to the couple (L^, L co (l/u)) on (0, oo). Applying the reiteration theorem for the 
general i^-method (see [H Theorem 3.3.11]), we obtain 

{E, F)$ = ((Li, Loo)f o , (Li, Loo)^)^ = (Li, Loo)* > 

where \I/ = ($o> • Moreover, from the proof of Theorem 6.4 in [16] and the equality 
L\ = Li (see Section 1) it follows 

& = [(Li.Loo)^ = (Li,D°°)« o , F± = [(LuL^ = (L h D°°)l 

and 

[(E,F)*fr=[{L 1 ,L oo )$p = {L 1 ,B 0O )$. 
Therefore, using the reiteration theorem once again, we obtain 

(E\ F+)£ = ((L u D°°)« o , (L,, D°°)l)« = (L u D°°)« = [(E, F)f ]+. 

and equality ([9]) is proved. In particlular, from ([§]) and the well-known identification 
formula (L\, Loo)i-i/p,p = Lp [3 Theorem 5.2.1] it follows that 

{LijCeSa^i-i/pp = (L\, Ll ) 1 ^ 1 / PtP = Lp- = Ces p . 

and also equality ( TTUj) is proved. □ 
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For a given symmetric space E on / = [0, oo) the Cesaro function space Ccse is 
defined by the norm ||/||ces(E) = \\Cf \\e- If operator C is bounded in E, then, by [2T1 
Theorem 3.1], Ccse = E^. Therefore, applying Proposition 1, we obtain 

Corollary 2. Let the operator C be bounded in symmetric spaces E and F on [0, oo) 
and let $ be an interpolation Banach lattice with respect to the couple (L^, L tX3 (l/u)) on 
(0, oo). Then 

(Ces E ,Ces F )% = Ces^ E ,F)^- 
In particular, for arbitrary 1 < po < p\ < oo 

J J Q Q 

(Ces m ,Ces p ,)o P = CeSp, where < 9 < 1 and - = 1 . (11) 

P Po Pi 

Remark 4. If 1 < p < oo, then the restriction of the space Ces p [0,oo) to the interval 
[0, 1] coincides with the intersection Ces p [0, 1] PI Lx[0, 1] (cf. [3], Remark 5). Therefore, if 
we "restrict" formula (jlip to [0, 1] we obtain only 

(Ces po [0, 1] H Lx[0, 1], Ces pi [0, 1] n Li[0, 1}) 6 , P = Ces p [0, 1] n L 1 [0, 1], 

where 1 < pr, < pi < oo and - = — - + —. 

4. Cesaro spaces on [0, 1] as interpolation spaces with respect to the couple 

(L^l-t^CeSoo) 

In contrast to the case of the semi-axis [0, oo), Ces p [0, 1] for 1 < p < oo is not even an 
intermediate space between Li[0, 1] and CeSoofO, 1]. In fact, Ces^O, 1] c — >• Li[0, 1], but it 
easy to show that Ces p [0, 1] ^ Li[0, 1] for every 1 < p < oo. 

On the other hand, from the inequality 1 — u < In 1/u (0 < u < 1) it follows that 
Ces p [0, 1], 1 < p < oo, is an intermediate space between the spaces Li(l — t) [0, 1] and 
CeSoo[0, 1], because of 

CeSoofO, 1] -4 Ces p [0,l] 4 Ces^O, 1] = L^ln l/t)[0, 1] ^> L x (l - t)[0, 1]. 
THEOREM 2. Ifl<p<oo, then 

(Cesi[0, 1], Ce Soo [0, l])i-i/ PjP 4 Ces p [0, 1] (12) 

and 

(Li(l - t)[0, l],Ce Soo [0, l])i-i/ p ,p = Ce Sp [0, 1]. (13) 

Proof. All function spaces in this proof are considered on the segment I = [0, 1] if it is 
not indicated something different. 

At first, for any / G Cesi and all < t < 1 we have 

K{t, f) := Kit, /; Ces u Ce Soo ) > [ (Cf)*(s) ds. (14) 

Jo 
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In fact, we can assume that / > 0. If / = g + h, g > 0, h > 0, g G Cesi, h G Cesoo, then 
Cf = Cg + Ch and, therefore, by formula (JHJ), 

lbllce S (i) + *||/i||c es (cx)) = II Cg \\ Ll + t \\ Ch || Loo 

> mf {lblUi +* IklUoo : Cf = y + z,y G Li,z G Loo} 

= K{t,Cf;L 1 ,L 00 )= [ (Cf)*(s)ds. 

Jo 

Taking the infimum over all suitable g and h we get (I14j) . Next, by the definition of 
the real interpolation spaces, we obtain 

U /P , P > J\t^K(tj)] p j = J\-*K(tjydt 



> / r p 







(Cf)*(s)ds 



dt > \\Cf\\% m = \\f\\ p Ces(p) , 



and the proof of imbedding ([12]) is complete. 

Before to proceed with the proof of (|T3l) we introduce the following notation: for a 
Banach function space E on / = [0, oo) or [0, 1] and any set A C / by -E|a we will mean 
the subspace of E, which consists of all functions / such that supp / C A. Let us denote 
also X p := (Li(l — t), Ces^x-i/p^. Since 

~ ||/X[0,1/2]IU P + ||/X[1/2,1]IU P - 

then for proving (fT3l) it is sufficient to check that 

WfX[0,l/2]\\x p ~ ||/X[0,l/2]l|ce Sp (15) 

and 

||/X[l/2,l]||x p ~ ||/X[l/2,l]||c7es p - (16) 

Firstly, since L x (l -f)l[o,i/2] = £i[0, °o)l[o,i/2] and Ces^ | [0)1/2 ] = Ces^fO, oo)| [0) i /2 ], then, 
by Proposition [TJ (see formula f llUp ). we obtain 

||/X[0,1/2]IU P ~ ||/X[0,l/2]||(Li[0,oo),Ces oo [0,oo)) 1 _i /p> p ~ II /X[0,l/2] || Ces p [0,oo)- (17) 

Note that 

Ces p [0,oo) I [0,1/2] = Ces p [0, 1] 1(0,1/2] (18) 

with equivalence of norms. In fact, by [31 Remark 5], Ces p [0, oo)|[ ,i] = Ces p D L%. If 
suppg C [0, 1/2], then we have 

]<?lk = [ 1/2 \g(s)\ds<2^( (W f \g{s)\dsYdt) 1/P <2^\\g\\ces {p) . 



1/2 t JO 



Combining this together with the previous equality, we obtain ( fTHl) . From ( fTHj) and ( JT71) 
it follows (USD. 

Now, we prove ( 1T61) . Since (Li(l — s) j [1/2,1] ? C es oo| [1/2,1]) is a complemented subcouple 
of the Banach couple (Li(l — s), CeSoo), then, by the well-known result of Baouendi and 
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Goulaouic jH Theorem 1] which is valid for arbitrary interpolation method (see also 
Theorem 1.17.1]), we have 

||/X[i/2,i]||x p ~ ||/X[1/2,1]||f p , 

where Y p := (Li(l — s) | [1/2,1]? C es oo|[i/2,i])i-i/p,p- Therefore, (fT6|) will be proved whenever 
we show that 

Y p = Cesp| [1/2,1]. (19) 

On the one hand, since 1 — u < hxl/u < 2(1 — u) for all 1/2 < u < 1 and Ces\ = 
L^lnl/s), then Ces 1 |[ 1 / 2i i] — Li(l — s)\ [1/2,1], and, by already proved imbedding f[T2"l) . we 
obtain 

Y p = (Cesi|[i/ 2 ,i], Ces 00 |[i/2 ) i])i_i/p iP C Ces p | [1/2,1] - 

For proving the opposite imbedding we note, firstly, that for any function h with 
supp h C [1/2, 1] we have 



1 f x 

Ces(oo) = sup - / \h(s)\ ds, 

1/2<z<1 x Jl/2 



1/2<x<1 x Jl/2 

whence 

/ ds<||/i|| CM(oo) < 2 / |/i(s)|ds = 2||/i|| Ll . 

7l/2 Jl/2 

Therefore, using formula for the .ff -functional with respect to a couple of weighted L\- 
spaces (see (TjJ), we obtain 

G(t,h) < K{t,h;L x {\ - s)\ [1/2tl] ,Ce Soo \ [1/2jl] ) < 2G(t,h), (20) 

where 



G{t, h) = K(t, h;Li(l - s)|[i/ 2 ,i], £i|[i/2,i]) = / min(l 

J1/2 



s, t)\h(s)\ ds. 



Furthermore, let h G | [1/2,1] - Then 



s 

whence 



Ch{s) = - / \h{u)\du> I \h(u)\du, 

1/2 Jl/2 



i>l—s 

{Ch)*{s) > / \h{u)\du, < s < 1. 

Jl/2 



Therefore, for all < t < 1, we obtain 

ft rt , rl 



(Ch)*(s)ds > J (J \h(u)\du)ds 

\h(u)\ds S jdu+ / yl \h{u)\dsjdu 



JO v 7l/2 

l-t , rt , rl , rl-u 



1/2 X J0 ' Jl-t X J0 

l-t pi 

\h{u)\du+ I (l-u)\h(u)\du=G(t,h). 
1/2 Ji-t 
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From this inequality and the definition of G(t, h) it follows that the estimate 

*min(l,t) 

(Ch)*(s) ds > G(t,h) 

holds for alH > 0. Hence, by ( l20i) and Hardy classical inequality for every h G Ces p with 
supp h C [1/2, 1], we have 

t~ p K(t, h; Li (1 - s) | [1/2il] , Ce Soo | [1/2jl] ) p dt) VP 

< 2 \] t- p G(t,h) p dtj < 2 {J rP [J (Ch)*(s)dsj dtj 

< 2 [( I r p ( j (ch)*( s )dsY dty /p + ( / r p ( / (chy(s)dsY 1 dt\ 1/p 

t/0 •-'0 t/1 t/0 



I'd 



< 2 



P T l|gfe|k[o,i]+ (p _ 1 1)1/p l|Cfe|U l[ o, 



^ 4 P llz.ll 
S ||ft||Ce Sp [0,l]- 



Thus, CeSp| [i/2,i] C Vp, equality ( fT9l) holds, and the proof is complete. □ 

The following result is an immediate consequence of equality f fl3|) and the reiteration 
equality (J2J). 

Corollary 3. If 1 < p < p 1 < oo and ± = ^ + ^ wit/i < 9 < 1, #ien 

(Ces po [0, 1], Ce Spi [0, l]) e>p = Ces p [0, 1]. 
Remark 5. An inspection of the proof of Theorem [2] shows that 

(Cesi|[i/ 2 ,i] j C es oo|[l/2,l])l-l/p,p — C es p|[l/2,1]- 
for every 1 < p < oo with equivalence of norms. 

Remark 6. Comparison of formulas from Remark 4 and Corollary [3] shows that the real 
method (•, -)g :P "well" interpolates the intersection of Cesaro spaces on the segment [0, 1] 
with the space Li[0, 1] or, more precisely, we have 

(Ces po [0, 1] n Li[0, 1], Ces pi [0, 1] n L x [0, l]) e , P = (Ces po [0, 1], Ces Pl [0, 1}) 6>P n Li[0, 1], 

for all 1 < po < m < oo, < 6 < 1 and ± = ^ + -i-. 

Remark 7. We will see futher that imbedding f fl2|) is strict for every 1 < p < oo and, 
even more, that Ces p [0, 1] is not an interpolation space between the spaces Cesi[0, 1] and 
CeSoofO, 1]. Thus, the weighted Lx-space L\(l — t)[0, 1] is in a sense the "proper" end of 
the scale of Cesaro spaces Ces p [0, 1], 1 < p < oo. 
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5. The A'-functional for the couple (Cesi[0, 1], Ces^fC), 1]) 

In this part we will find an equivalent expression for the ^-functional 

K(t, f) = K(t, /; Cesx, Ce Soo ) = K(t, f; Cesx[0, 1], Ce Soo [0, 1]). 

We start with a lemma giving its lower estimate. Let us introduce two functions defined 
on (0, 1] by formulas 

n(t) =t/\n(e/t) and r 2 (t) = e"* for < t < 1. (21) 

It is easy to see that there exists a unique to G (0,1) such that ri(t ) = ^2(^0) an d 
Tx(t) < r 2 (t) if and only if < t < t . 

Lemma 1. (lower estimates). Let f G Cesx[0, 1], / > and < t < 1. 

00 If fo = /X[0,n(t)]u[7a(t).i]; then 

K(t,f)>±\\f \\ C es(i). (22) 



#7l = /X[n(*Wt)]> i/ien 



A r (t,/)>^||/i||o«(oo). (23) 



Proof, (i) Firstly, let us prove that 

> ^ ||/X[o,n(dbs(i) /° r a// < t < 1. (24) 

Let / G Cesi, f = g + h, where g G Cesi, /i G CeSoo. We may assume that / > and 
< g < /, < /i < /. Then 

3 (||<7||ces(l) + *||^||Ces(oo)) > 1 1 ^7 || Ces(l) + 3t || /l|| C*es(oo) 

> IK/ - ^)X[0,ri(t)]||ces(l) + 3t ||/lX[o,n(t)]llcea(oo) 

= ||/X[0,n(t)]l|ces(l) - ||^X[0,n(i)]l|c*es(l) 

+ 3t ||/lX[0,n(t)]ll<7e*(oo)- (25) 

Let us show that for any function v G Ces^, f > 0, with supp v C [0, Ti(t)] we have 

IM|c eS (l) < 3t ||u||cea(oo)- (26) 

In fact, by the assumption on the support of v and by the Fubini theorem, we obtain 

rn(t) ]_ rs f 1 fl [ Tl{t) \ 

II ^ II Oes(i) = / (— / v (u) du ) ds + / (- / v{u)du\ds 

J0 Vs Jo ' J T1 (t) Vs Jo ' 

ri(t) X rs rn{t) rX j 

- / w(u) du I ds + / / -ds)i>(u)du 

o Wo y 7o W n (t) s / 

/•n(t) /\ [ s \ yriCt) j 

/ (- / dw ) ds + / t>(w) dw In — — . 

Jo Vs /o y /o 
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Since Ti(t) < t it follows that 

rn(t) 



/ (- / v(u) du) ds < n(t) sup -/ v(u)du<t\\v\\ces(oo) 

JO Vs JO J 0<s<n(t) s Jo 



Moreover, 

/•Tl(t) J ]_ j /-s 

/ f (w) rfu In — — < ri(t)ln — — sup - / v(u) du 

Jo Ti(t) 0<s<n(t) s Jo 

In j + In In | 

= j — i * IMIces(oo) < 2t ||f ||ces(oo), 

and estimate (126)) follows. Combining this estimate for v = ft-X[o,n(*)] together with f )25|) 
we conclude that 

3(\\g\\ces(l) +t\\h\\ces(o D )) > || /X[0,n(t)] || Cea(l) ■ 

Taking the infimum over all decompositions / = g + h, g G Cesi, h G CeSoo with < g < 
/, < h < f we obtain estimate ( 124)) . 

Next, since Cesi = Li(ln -) and CeSoo A- L 1; we have 

K(t, /; L x (ln -), L x ) = /; Ces 1 ,L 1 ) < K(t, f). 
s 

Therefore, applying the well-known equality 

K(t, /; Li (In -),L l ) = [ min(ln t)\f(s)\ds 
s Jo s 

and the elementary inequality 

/ min(ln-,t)|/(s)|ds > / In -|/(s)| ds = \\fxiMt)A]\\cea(i), 

JO s Je-t s 

we obtain 

K{t,f) > ||/X[r 2 (t),i]llce.(i)- 

Inequality (|22|) is an immediate consequence of the last inequality and estimate (124|) . The 
proof of (i) is complete. 

(ii) Since inequality ( 123|) is obvious for t G [t , 1], it can be assumed that < t < t . 
Let again / G Cesi, f = g + h, where g G Ces l7 h G Ces^ and < g < f, < h < f. 
Then for any c G (0, 1) we have 

Ibllces(i) + t\\h\\ Ces{oo) > ||fi'X[r 1 (t),T2(t)]||c es (i) + ct ||(/ - g)x\ 

n(t),T"2(*)] llces(oo) 
> ll5 , X[ri(t),r 2 (t)]||ce S (l) - Ct IbXlri^.raWlllceKoo) 
+ Ct||/X[n(t),75(t)]||cM(oo)- (27) 

We want to show that for every positive function «; G Cesi with supply C [ti(£), r 2 (t)] 
the following inequality holds: 

-o < IMIcea(oo) < HHIcw(i) for any < t < t . (28) 
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Since 



f 1 I f f s f T2 ^> 
\w\\ces{\) = / - / w(u)du-X[n(t)Mt)]( s ) + w(u)dux[ T2 (t),i](s) ) ds 

Jo s \JTi(t) J nit) 

r 2 (t) ,\ r s \ rrt) r l ds 

I - / io(it) dit] ds + / w(u)du / — 

n(t) Vs ^n(t) 7 Jri(t) Jr 2 (t) s 



rr 2 {t) ,r 2 (t) . p(t) j 

/ / — I u>(w) cm + / uu-ujawm — r - 

'n(t) W u s/ J TlW r 2 (t) 

7-2 (t) 

iu(m) In du + t / w(u) du, 

n(*) M ^Ti(t) 

for proving the previous inequality it suffices to show that for all £ G (0,to) an d s £ 
[ri(£), r 2 (i)] we have 



IP / /" T2(t) r 9 ft) /" r2(t) \ 

— i / w(u)du<s( / w(u) In^^du + t / iy(u)du). (29) 

e in(() W n (t) « JnW 



We consider the cases when s G [ti(£),^t^] and s G (-^>T2(t)] separately. Define a 
unique t\ G (0, to) suc h that Ti(ti) = and note that the segment [ri(t),^M] is 

non-empty only if < t < ti. Let 



¥>(*):= a- In ^ for ,6^),^]. 

s e 

Since y?'( s ) = m — 1 = In > for all s G [Ti(t), ^^-] it follows that ip increases. 
Therefore, ip(s) > <p(Ti(t)) for all s G [ri(t), and so 

w(u) In du > s In / iu(u) > n(t) In f w(u)du. (30) 

n(t) n s ^n(t) W) ^n(t) 

We show that 

n(t)ln^2. > Lt for all 0<t <t 1 . (31) 

The function 

^Hl^A!^ for te(0 , t J 
t n(t) ln 7 

has the derivative ip'(t) = -[(t + 1)(1 + In f ) + Inn (£)]/[£ (In f) 2 ]. It is not hard to check 
that ^ is increasing on (0, t 2 ) and decreasing on (t 2 , ti], where a unique £2 G (0, t\). Hence, 
by the definition of t±, for all t G (0, tx], we have 

ip(t) > min[^(0 + ), tpih)} = min ( 1, In" 1 — J = In" 1 — = t^e" 1 "' 1 > e" 2 . 

Thus, we obtain inequality (I3ip . Combining it with estimate (130 p . we obtain (129 j) in the 
case when < t < ti and s G [ti(£), ^M]. 
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In the second case, when s £ (^~, r 2(t)], we have s > e 1 * > e 2 and so 

t / w(u)du<e 2 ts / w(u) du. 



Hence, estimate ( 12911 holds again, and so inequality ( 1281) is proved. Combining ( 1281) and 
(1271) with c = e -2 , we obtain 

IMIc-esCi) +t||/i||<7M(oo) > -^t ||/i||c«.(oo) for all < t < to- 
Taking the infimum over all decompositions / = g + h, g £ Cesi, h £ CeSoo with < g < 
f,0<h<fwe come to estimate (123]) . and the proof of (ii) is complete. □ 



THEOREM 3. For every function f £ Cesi[0, 1] we nave 
1 

2^ 



(ll/X[0,Ti(t)]U[r 2 (t),l]||ce S (l) + * || /X[ri(t),r 2 (t)] || C*es(oo)) 



< Kfaf-jCesijCeSoo) 

< ||/X[o 1 7i(t)]u[7 2 (t) I i]||c«(i) +* ll/X [n(t),T2(t)] llces(oo); 

/or a// < t < 1, and K(t, /; Cesi, CeSoo) = 11/11(768(1) f or all t > 1. 

Proof. The first inequality is a consequence of Lemma [1] and the definition of the K- 
functional. The equality K(t, /; Cesi, CeSoo) = ||/||ces(i) (t > 1) follows from the imbed- 
ding CeSoo Ces\. □ 

If a positive function / £ Cesi[0, 1] is decreasing, then the description of the K- 
functional can be simplified. 

THEOREM 4. If f e Cesi[0, 1],/ > and f is decreasing, then 

2 ||/X[o,n(t)]llcea(i) < KfafiCes^CeSoo) < \\fX[oM*)]\\ces(i) (32) 
for all < t < 1 and if(t, /; Cesi, CeSoo) = \\f\\ces{i) f or all t > 1. 

Proof. Taking into account the proof of Lemma l(i) (see inequality ( l2"l"j) ) it suffices to 
prove only the right-hand side inequality in ( I32p . 

Let f := [/ - /(ri(*))]x[ ,Ti(t)] and f l :=f- f . Since / > is decreasing, we have 
HZillces(oc) = f{n{t)). Therefore, by Fubini theorem, 

||/o||c7es(l) +t ||/l||c M (oo) = / -/ (/(«) - f(n(t)))X[0,r 1 (t)]( U ) duds + tf(Tl(t)) 

Jo s Jo 

- / f(u)X[o,r 1 (t)]( u ) duds ~f( T ^ t )) / ki-du + tf(n(t)) 
s Jo Jo u 
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||/X[o,7i(t)]llc«(i) - /(ri(t))n(t) 



\\fX[OMt)]\\ces(l) + tf{n{t)) 



1 + ln— r 

nit) 

1 + ln(ln f /t) 
ml 



f/(n(t)) 



t/(n(t)) ln(lnf) 

||/X[0,n(t)]||cea(l) < ||/X[0,7i(t)]||(7e*(l), 



whence 

K(t, f;Ces 1 ,Ces OQ ) < ||/X[o,ri(t)]||c es (i), 
and the desired result is proved. 



□ 



6. Indentification of the real interpolation spaces (Cesi[0, 1], Ces^O, l])i-i/ PlP 

for 1 < p < oo 

Let us define the weighted Cesaro function space Ces p (ln |)[0, 1] consisting of all 
Lebesgue measurable functions / on [0, 1] such that 



Ces(p, In) 



Clearly, Ces p (ln |)[0, 1] e — >■ Ces p [0, 1] for every 1 < p < oo, and this imbedding is strict. 
THEOREM 5. For 1 < p < oo 

(Ceai[0, lJ^es^fO,!])^!/^ = Ces p (\n |)[0, 1]. (33) 

Proof. Denote X p = (Cesi, Ces^x-i/pj,, 1 < p < oo. Using Theorem [3] on the if- 
functional for the couple (Ces\,CeSoo) on [0, 1], we have 



< 



to 







t P ||/X[0,r 1 (t)]||c es (l) 



dt 



1 1/p 

+ 









to 



where 
h = 



to 



to 

t~ P (t\\fX[n(t)Mi)] llc* es (oo)) p dt 

'-Jo 

h + h + h + h, 



n(t) 



* P \\fX[r 2 m]Wces(l) dt 



t- P \\f\\ P Ces(l)dt 



1 1/p 

+ 


/■oo 




'-•/to 



1/p 
1/p 



t" p 



Cf(s)ds+ / C(/x[o,Ti(t)])(s)ds) rft 

'n(f) 



1/p 



< 



to 



hi + Il2- 







n(t) 



a/(s)ds) dt 



i/p 



to 



1 _ \ V 1 i/p 

C(/X[o,n(t)])(s)ds) dt 
n(t) y 
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e\2 



First of all, we estimate all five integrals from above. Since r[(t) = (In | + l)/(ln|) 
and so l/ln(e/t) < r[(t) < 2/ln(e/t) for all < t < 1, we get 



T p < 



< 



TL(t) sp 

C/(s)ds) dt 



to 



ri (t) . p 

C/(s)ds) dri(t). 



Putting it = 7~i(t) and using classical Hardy inequality, we obtain 



n(io) /•« 



< P' ||C/|U P [0,1] = P \\f\\Ces(p) < P ||/||c«(p,In)- 

Next, by the estimate In < 2 In |, < t < 1, we get 



J 12 



to 



n(t) 

| /(it) | dit j ds ) (it 

n(t) va JO J 

|/(u)|du) ln p ^^dt 



n(t) 
|/(u)|duYdt. 



Substitution t = t x (s) and the inequalities 

1 



(rr)'(«) 



show that 



I 12 < 2 



n(to) ps 



p e 
\f(u) \ du) In - ds 



i/p 



< 2 



(Cf(s)rin-ds 



i/p 



2 ||/||ces(p,ln)- 



(34) 



From the equality Cesi[0, 1] = Li(ln 1/u) and the inequalities In 1/u < e(l — u) (1/e < 
u < 1) and r 2 (t) = e~ l > 1 - t (0 < t < 1) it follows 



J 2 



to 



* P H/X[r 2 (t),l]llce,(l)^ 



to 



\f(u)\ln-duY dt 

T2{t) U J 



< e p / t 



to 



to 



|/(u)|(l -u)du) dt 



Mt) 
i 

l-t 



\f(u)\(l-u)du) dt 
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Arguing in the same way as in the second part of the proof of Theorem (2], for g = /X[e-\i] 
and < s < 1 we have 



Cg(s) 



\f(u)\du> / \f{u)\du 



whence (Cg)*(s) > f \f(u) \ du and 



(C 9 y(s)ds > 
+ 



\f(u) | du ) ds 



i-t 



\f(u)\ ds ) du 



l-u 



'i-t ^Jo 

Therefore, again by the classical Hardy inequality, 



\f(u)\ds)du> I \f(u)\(l-u)du. 
i-t 



h < e 



to 



r 



(Cg)*(s)ds) dt 



< e||C[(^)*]|| Lp[ o,i]<^ll(^)1U p[ o,i] 

= e^||C^|| Lp[0 ,l] = ep \\fX[e-\l]\\ces(p) 

< ep \\f\\ces(p) < ep ||/||ce S (p,ln)- 



For the third integral, we have 
h = 



ll/X[n(t),79(t)]llo«(oo) d * 



< 



+ 



to 

sup 

n(*)<s<l/2 
to 

sup 

l/2<s<T 2 (t) 
to 

sup 

ri(t)<s<l/2 v « J nit) 



\f( u )X[nit)Mt)]( u )\ du ) dt 



\f( u )X[n®Mt)]( u )\ du ) dt 
i/p 



i/p 



i/p 



\f{u)\du) dt 



+ 



to 

sup 

L J0 l/2<s<T 2 (t) 



\f{u)\du) dt 



nit) 



1/p 



If n(t) < s < 1/2, then 2s < 1 and 
f 2s /l f v \ rnit) / f 2s \ 

Jr.it) ™ 



\f(u) \ du) dv 



o 







n(t) 



v 



dv) \f(u) \ du 



hi + -^32 ■ 



2s , /-2s 



Tl(t) 



du) |/(w)| du 



nit) 



\f(u) \ du In 



2s 



■2s 



2s 



\f(u) \ In — du 
nit) u 



> 



2s - n(t) 



2.s 



2s 



> In 2 



2s 

2s - T^t) 
2s 



\f(u) \ In — du 
nit) U 



\f(u)\ du. 



nit) 
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Thus, 



ri 



sup 

(t)<s<l/2 s J T1 (t) 



\f(u)\du < 



In 2 



sup 



n(t)<s<l/2 2s — Ti(t) 7 n ( t ) 



2s 



Cf{v)dv 



where M is the maximal Hardy-Littlewood operator on [0, 1]. The above estimates show 
that 

Using once again substitution t = r 1 _1 (s) and estimates we obtain 



hi < 



In 2 



Tl{t0) [MCf(s)]nn e -ds] 1/P < A ||MC/|U p(Inf) . 



We will show in the next lemma that the maximal operator M is bounded in L p (ln §)[0, 1] 
for 1 < p < 00, which implies that for some constant B p > 1, which depends only on p, 
we have 

hi< 2 ^\\cf\\ W) 



Ces(p,ln) • 



In 2 11 J "^ 1U ^ In 2 
For the second part of the integral ^3 we estimate in the following way: 



TP 

1 32 



to 



sup 



l/2<s<T 2 (t) v * J Tl (t) 



\f{u)\du) dt<2 p 



to , /-r 2 (t) 



V </Tl(t) 



\f(u)\du) dt 



< 2 P 



T2(t) 



T2(t) 

\f(u)\du) dt, 



and, changing variable s = T2(t) = e we obtain 



I32 < 2 

< 2e H/llcesO) < 2e || J ||CesO,ln) 

Since to > 1/2, for the last integral we have 



(1 [ S \f(u)\duY-} 1/P <2e t ^( fcf{sfds 
-*o J J s \ \J 



1/p 



1 



Ces(l) 



< 



p — 1 



Ces(l) 



< 



P — 1 



C'es(p, In) • 



Finally, summing up the above estimates, we get ||/||x p < C P ||/||ces(p,in), where C p de- 
pends only on p. Thus, the imbedding Ces(p, In) <^-> X p is proved. 

Now, we proceed with estimations from below. Firstly, by inequality ( 1241) . we have 



\ > 3~ P P t-n\fXioMt)]\\ P Ces(i)dt = 3- p /f > 3- p I p 12 . 
Jo 



(35) 
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It is not hard to check that In = In M|Z*i > e 1 In | for t G (0, to]- Therefore 



Since r[(s) < 2/ln(e/s), t x 1 (s) < sln(e/s) and lnln(e/s) < e 1 ln(e/s) (0 < s < 1), we 
have 

(ti- 1 Y(s) = ,, \. ,, >iln^— >-ln 



r^rr 1 ^)) " 2 rf 1 ^) " 2 s ln(e/a) 

= -On --mm-) > -(l--)ln-. 

2 s s 2 e s 

Hence, after substitution t = r 1 _1 (s), we obtain 

I P 12 >e- p -(l--) / (-/ \f(u)\du) ln-ds>~e-*> Cfisfln-ds, 
2 e Jo VsJo J s A J s 

and so, taking into account (1351) . we get 

/■-ri(to) p 
^^(Se)^ / C/(s) p ln-ds. 

Jo s 



On the other hand, by the definition of to, 



f Cf(syin-ds < ln-^ T C/( S )^ S <(l + t )||/ir Ces(p) 



< 2||/||L S(P )<2 11 



where the last inequality follows from imbedding (TT2]) of Theorem |2j Hence, 



x p > S-^iSe)- 1 (£cf(sy\n- s ds) > — \\j llCes{pM) , 



Vp . 1 
72 



and the imbedding X p <^-> Ces(p, In) is proved. Thus, the proof of Theorem [5] will be 
finished if we show that the following lemma holds. □ 

Lemma 2. If 1 < p < oo, then the maximal Hardy- Littlewood operator M on [0, 1] is 
bounded in the weighted space L p (ln |)[0, 1] = L p ([0, l],\n^dx). 

Proof. Muckenhoupt [UJ Theorem 2] proved that the maximal operator M on [0, 1] is 
bounded in L p ([0, 1], w(x)dx) if and only if the weight w(x) satisfies the so-called A p - 
condition on [0, 1], that is, 

SUP 7 

(a,6)c[0,l] \0 — a 



w(x)dx^j / w(x) ^ dx^ P < oo. 
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Therefore, it is enough to show that for all intervals (a, b) C [0, 1] we have 

"6 , rb 



I hx-dx^f (\n-y^dxY 1 < 2(b-a) p . (36) 

J Ob *^ V Ob *^ 



Note that for t G (0, b) 



and 



In — dx — b In 7 — tin — \-b — t 

x b t 

b rb 

(ln-)~ a dx = b(\n 6 -y a -t(\n-Y a -a / (ln-)-"" 1 ^ 
x b t J t x 

< b(\n^y a -t(\n-)- a , 
v b' y t ! 

where a > 0. Since the functions 

6 We/6) -tlnie/t) +b-t , , , b(ln(e/b))~ a - t(ln(e/t))~ a 
ip^t) = — and ip 2 (t) = — 

are both decreasing on the interval (0, b) for every < b < 1 it follows that max 0< i<f, ipi(t) = 
ipi(0 + ) = ln(e 2 /b) and ma.x 0<t<b <p 2 (t) = y?2(0 + ) = ln~ a (e/6). Therefore, setting a = ^y, 
for arbitrary < a < b < 1 we have 



(b — a) p J a x \J a x ) b \\ \b) ) ) ln(e/6) 

and inequality ( 13"B"j) is proved. □ 



7. Ces p [0, 1], 1 < p < 00, is not an interpolation space between Cesi[0, 1] and 

Ce Soo [0,l] 

We start with two lemmas (it is instructive to compare the result from the first of them 
with imbedding (TT2|) ). 

Lemma 3. If 1 < p < oo, then 

Ces p [0, 1] ^ (Ceai[0, 1], Ce Soo [0, l])i_i/ Pl00 . (37) 

Proof. Let us consider the family of characteristic functions f s = X[o,s], < s < 1. As we 
know (cf. Theorem HJ), 

KfafcCes^CeSoo) > -||/«X[o,ri(t)]lloe«(i) for all t > 0. 



Since 



||/«X[0,Ti(*)]l|c7e«(l) — ||X[0,min(s,Ti(t))]||Ces(l) — || X[0,min(s,ri(t))] || Li(ln 1/s) 

»min(s,Ti(t)) 



/ In - ds = min(s, rUt)) ( In — -- + 1 

Jo s V min(s,ri(t)) 
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it follows that for all t such that Ti(t) < s we have ||/ s X[o,ri(t)]||ces(i) > T i(t) hi^^y- 
Therefore, using the inequality r 1 ~ 1 (s) < sln(e/s) once again, for < s < e _1 we obtain 



11/ 



s || (Cesi,Ces 00 ) 1 _ 1 / p c 



On the other hand, 



> - sup t 1 ^- 1 ^) In 



t>o,n(t)<s 



Tl(t) 



> i^^^sln^iGsln^/^lnl 



6 s 



11/ 



s I Ces„ 



~ I X[o,s](v)dv) du^ 

Jo 

1 x 1/p 

s + s p u~ p du 



u 



X[o,s](v)dv) du 



i/p 



3 i-p 



p — 1 



i/p 



p 1 _\ Vp 
s s 



>p — 1 p — 1 
Therefore, for < s < e _1 



< (p') 1/p s 1/p . 



\\fs\\(Ces 1 ,Ces oa ) 1 _ 1/Ptacl \ S 1/p (In | ) ^ 1 

||/.||o«p - (p') 1/p * 1/p "6p' ln S J ' 



whence 



sup 

0<s<l 



ll/.ll ,1 



II./; 



oo, 



s Ces p 



which shows that ([37]) holds 



□ 



Recall that the characteristic function tp(s,t) of an exact interpolation functor F is 
defined by the equality .F(sR, tM) = tp(s, t) R for all s, t > 0. By the Aronszajn-Gagliardo 
theorem (see [7J Theorem 2.5.1] or [HI Theorem 2.3.15]), for arbitrary Banach couple 
(Xq,Xi) and for every Banach space X e /n^Xo,^) there is an exact interpolation 
functor T such that J-^X^Xl) = X. 

Lemma 4. Lei 1 < p < oo. Suppose that the Cesaro space Ces p [0, 1] G Jnt(Cesi[0, 1], 
CeSoofO, 1]) and J 7 is an exact interpolation functor such that 

J r (Cesi[0,l],C'es BO [0,l]) = Ces p [0, 1]. (38) 

Then the characteristic function <£>(1,£) of J 7 is equivalent to t l l p for < t < 1. 

Proof. To simplify notation let us denote V p := Ces p \[i/2,i] (1 < p < oo), that is, V^, is the 
subspace of Ces p [0, 1], which consists of all functions / such that supp / C [|, 1]. Since 
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(Vi, Voo) is a complemented couple of the Banach couple (Cesi[0, 1], Ces^O, 1]), by f l38j) 
and equality in Remark 5, we obtain 

F(Vx, V^oo) = V P = (Vi, Kx>)i-i/ P , P . (39) 

Consider the sequence of functions guif) = X[i-2- fc ,i-2- fc - 1 ](^) ; k = 1, 2, . . . and the linear 
projection 



oo /.l-2 _fe_1 

P/(t) = W +1 / f(s)ds-g k (t), feV* 

k=i J ^~ k 



We have 

oo p\-2~ k ^ 

ll^/llv. < 2||P/|| Ll | [1/21] <2^2 fc+1 / \f(s)\ds-2 

k=i Jl ~ 2 ~ k 



-k-l 



fe=i 

oo 



< 



< 



k=l 

oo 

£ 

fc=i 



L - u) for 1/2 < m 


< 1, 


rl-2- k - 1 






■ / In 


Jl-2- fc 


Jl-2- k 


„l_2- fc " 1 


„l_2- fe -! 


/ \m\ds 




Jl-2- k 


Jl-2- fc 


rl-2~ k - 1 




. 2- 2fc - 1 • / 


1/00 Ids 


il-2- fe 





< *E / \f(s)\(l-s)ds 

k=i J ^~ k 

< 4^ / |/( a )|ln-ds = 4||/|| il0nl/ . ) =4||/ 



Therefore, P is a bounded linear projection from V^ onto ImP\ v and from Vi onto 
ImP| Vi . At the same time, it is easy to see that the sequence {2 k+1 gk}%*Li is equivalent 
in Voo (resp. in Vi) to the standard basis in li (resp. in / 1 (2~ fe )). Hence, l\{2~ k )) is 
a complemented subcouple of the Banach couple (Vi, V^,) and therefore, by fl35|) and by 
the Baouendi-Goulaouic result [U Theorem 1] (see also [23], Theorem 1.17.1]), 

T(h,h{2- k )) ^ {h,h(2- k ))^ 1/PjP . 

In particular, from the last relation it follows that 

^(E,2 _fe R) = (R,2 -fc R)i_i /PiP = 2~ k/p R 

uniformly in k G N. Since the characteristic function of any exact interpolation functor 
is quasi-concave [H Proposition 2.3.10], this implies the result. □ 
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THEOREM 6. For any 1 < p < oo the space Ces p [0, 1] is not an interpolation space 
between the spaces Ces\[0, 1] and CeSoofO, 1]. 

Proof. Assume that Ces p [0, 1] is an interpolation space between Cesi[0, 1] and CeSoofO, 1]. 
Then there is an exact interpolation functor J 7 such that equality (138]) holds. By Lemma 
HI the characteristic function <f(l,t) of J 7 is equivalent to p/ p for < t < 1. Therefore, 
for any Banach couple (Xq,Xi) we have 

J-(X ,X0 C (X 0j Xi)^ iOO , (40) 

where (X ,Xi)^ jOO is the real interpolation space consisting of all x G X + Xi such 
that sup i>0 ^p- K(t, x] X , Xj) < oo and ip(t) = min(l,t 1 / p ) [5J Proposition 3.8.6]. Since 

CeSoofO, 1] > Cesi[0, 1], then applying ( l4"Uj) to the couple (Cesx[0, 1], CeSoofO, 1]), we 
obtain 

J^(Ce Sl [0, 1], Ce Soo [0, 1]) C (CeaifO, 1], Ce Soo [0, l])i-i M oc, (41) 

whence Ces p [0, 1] C (Cesi[0, 1], CeSoo[0, l])i-i/ Pj0O - But in view of Lemma [3] the last 
imbedding does not hold, and the proof is complete. □ 
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